We study controllability issues for 2D and 3D Navier-Stokes (NS) systems with periodic boundary conditions. The systems are controlled by a degenerate (applied to few low modes) forcing. Methods of differential geometric/Lie algebraic control theory are used to establish global controllability of finite-dimensional Galerkin approximations of 2D and 3D NS and Euler systems, global controllability in finite-dimensional projection of 2D NS system and L 2 -approximate controllability for 2D NS system. Beyond these main goals we obtain results on boundedness and continuous dependence of trajectories of 2D NS system on degenerate forcing, when the space of forcings is endowed with so called relaxation metric. Classification (2000) . 35Q30, 93C20, 93B05, 93B29.
Introduction
In the present paper we deal with 2-and 3-dimensional Navier-Stokes equations (2D and 3D NS systems) with periodic boundary conditions controlled by a nonrandom degenerate forcing ∂u/∂t + (u · ∇)u + ∇p = ν∆u + F (t, x),
(1) ∇ · u = 0.
(2)
The word "degenerate" means that F (t, x) is a "low-order" trigonometric polynomial with respect to x, i.e. sum of a "small number" of harmonics:
T ] of the forcing are controls at our disposal; these are measurable essentially bounded functions. In fact along our presentation the controls are piecewise-continuous.
Our goal is obtaining controllability results for the 2D and 3D systems (1)-(2) and for their finite-dimensional Galerkin approximations. More precisely we study Vol. 7 (2005) Navier-Stokes Equations 109 global controllability for Galerkin approximations of 2D and 3D NS systems with periodic boundary conditions. Besides the 2D NS system we study so-called controllability in finite-dimensional observed projection and L 2 -approximate controllability. Exact definitions and detailed problems setting are provided in Section 3.
There has been an extensive study of controllability of the Navier-Stokes and Our problem setting differs from the above results by the class of degenerate distributed controls which is involved.
The structure of the paper is the following. The problem setting in Section 3 is preceded by Section 2 which contains a necessary minimum of standard preliminary material on 2D and 3D NS systems.
Section 4 contains new (as far as we can judge) results on boundedness and continuity of solutions of 2D NS systems with respect to degenerate forcing. The difference with the classical results is in that we endow the space of forcings with rather weak topology determined by so called relaxation metric. This is an initial but important step towards a study of the NS and other classes of evolution PDE subject to relaxed (controlled) forcing. We will provide more comment on this subject elsewhere.
In Section 5 we collect results and methods from geometric control theory which concern controllability of finite-dimensional nonlinear control systems; most of these results are known. In Sections 6, 7 we proceed with application of these methods to finite-dimensional Galerkin approximations of the 2D and 3D NS systems. Global controllability results for the Galerkin approximations are formulated and proven in Section 8. These controllability results are also valid, when ν = 0, i.e. hold for Galerkin approximations of 2D and 3D Euler systems which describe movement of incompressible ideal (inviscid) fluid.
The rest of the paper is devoted to controllability of 2D NS (with ν > 0) system. We derive a sufficient condition (Theorem 9) for global controllability in finite-dimensional observed projection and sufficient condition for global approximate controllability (Theorem 10) for the 2D NS system. Section 11 contains descriptions of so-called "saturating sets" of controlled modes which suffice to guarantee the global approximate controllability. Sections 12 and 13 contain the proofs of Theorems 9, 10.
Inside the sections the material is organized in relatively small subsections, each containing few results, definitions, notions etc. These latter are numbered by the numbers of corresponding subsection: e.g. Proposition 4.6 means Proposition from Subsection 4.6 etc.
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